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Relation Algebras and t-vertex Condition Graphs
JERZY WOJDYLˆO
The scheme associated with a graph is an association scheme iff the graph is strongly regular.
Consider the problem of extending such an association scheme to a superscheme. The obstacles
can be expressed in terms of t-vertex conditions. If a graph does not satisfy the t-vertex condition,
a presuperscheme associated with it cannot be erected beyond the .t − 3/rd level. We give an
example of an association scheme which is not extendible to a superscheme: it cannot be extended
beyond the bottom level of a presuperscheme.
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1. INTRODUCTION
An association scheme .Q; 0/, comprising a certain kind of partition 0 of the direct
square of a finite, non-empty set Q, corresponds to a binary relation algebra. A superscheme
.Q; 0/ comprises a certain family of partitions of the direct powers QnC2 for each natural
number n. Superschemes correspond to Krasner (relation) algebras. Smith [9] showed
that an association scheme .Q; 0/ can be extended to a superscheme .Q; 0/ iff it is a
permutation group scheme, i.e., there exists a transitive, multiplicity-free permutation group
G acting on Q such that each partition 0n of the superscheme is the set of orbits of G
acting componentwise on QnC2.
A natural question arises: what prevents an association scheme from being built up any
further to a superscheme beyond the partition 0t ? A scheme can be associated with a
graph. This scheme is an association scheme iff the graph is strongly regular. A height t
presuperscheme consists of the bottom t levels of a superscheme. The current paper contains
a construction of a presuperscheme associated with a graph. The main theorem shows that
if a presuperscheme associated with a graph is of height t , then the graph satisfies the
.t C 3/-vertex condition. Shrikhande’s graph provides an example of a scheme that cannot
be extended beyond the bottom level.
2. BASIC DEFINITIONS
DEFINITION 2.1 ([1]). Let Q be a finite, non-empty set. An association scheme .Q; 0/
on Q is a partition 0 D fC1; : : : ;Csg of the direct square Q2 such that four conditions are
satisfied:
(A1) C1 D f.x; x/jx 2 QgI
(A2) 8Ci 2 0, f.y; x/j.x; y/ 2 Ci g 2 0I
(A3) 8Ci 2 0, 8C j 2 0, 8Ck 2 0, 9c.i; j; k/ 2 N. 8.x; y/ 2 Ck , jfz 2 Qj.x; z/ 2 Ci ,
.z; y/ 2 C j gj D c.i; j; k/I
(A4) 81  i; j; k  s; c.i; j; k/ D c. j; i; k/.
DEFINITION 2.2 ([9]). Let Q be a finite non-empty set. A superscheme .Q; 0/ on Q
is a family of partitions 0n D fCn1 ; : : : ;Cnsn g of the direct powers QnC2, for each natural
number n, such that:
(S1) C01 D f.x; x/jx 2 Qg;
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(S2) 8m; n 2 N, 8 f V f1; : : : ;m C 2g −! f1; : : : ; n C 2g, 8Cnj 2 0n , f .Cnj / Df.x1; : : : ; xmC2/j9.y1; : : : ; ynC2/ 2 Cnj . 81  i  m C 2; xi D y f .i/g is an element of
0m ;
(S3) 8.m; n/ 2 N2, 8Cmi 2 0m , 8Cnj 2 0n , 8CmCnk 2 0mCn , 9c.i; j; kIm; n/ 2 N.
8.x0; : : : ; xm; y0; : : : ; yn/ 2 CmCnk , jfz 2 Qj.x0; : : : ; xm; z/ 2 Cmi , .z; y0; : : : ; yn/ 2
Cnj gj D c.i; j; kIm; n/I(S4) 81  i; j; k  s0; c.i; j; kI 0; 0/ D c. j; i; kI 0; 0/.
We call 0t , the partition of QtC2, the t-th level of the superscheme. A class Cti 2 0t is
denoted as diagonal if Cti D f .Ckj / for some Ckj 2 0k and some f V f1; : : : ; t C 2g −!
f1; : : : ; k C 2g, where k < t , i.e., if elements of Cti have repeated entries.
Later on we will need modified versions of (S2) and (S3). Define
Nt D fn 2 Njn  tg and N2t D f.m; n/ 2 N2jm C n  tg:
Then consider the following conditions:
(S2t ) 8m; n 2 Nt ; 8 f V f1; : : : ;m C 2g −! f1; : : : ; n C 2g; 8Cnj 2 0n , f .Cnj / D f.x1; : : : ;
xmC2/j9.y1; : : :, ynC2/ 2 Cnj . 81  i  m C 2; xi D y f .i/g is an element of 0mI
(S3t ) 8.m; n/ 2 N2t ; 8Cmi 2 0m; 8Cnj 2 0n; 8CmCnk 2 0mCn , 9c.i; j; kIm; n/ 2 N:8.x0; : : :,
xm; y0; : : : ; yn/ 2 CmCnk , jfz 2 Q j .x0; : : : ; xm; z/ 2 Cmi ; .z; y0; : : : ; yn/ 2 Cnj gj D
c.i; j; kIm; n/.
A height t presuperscheme .Q; 0t / on Q is a family of partitions 0n D fCn1 ; : : : ;Cnsn g
of the direct powers QnC2, for each number n 2 Nt , such that the conditions (S1), (S2t /,
(S3t / and (S4) are satisfied.
It is easy to see that the family 0n of partitions of QnC2 for each natural number n is a
superscheme iff it is a height t presuperscheme for each natural number t .
DEFINITION 2.3 ([3, 5]). By G D .V; E/ we understand an undirected finite graph with-
out loops or multiple edges.
V is the set of vertices of G and sometimes will be denoted by V .G/.
E is the set of edges of G and sometimes will be denoted by E.G/.
Additionally, N D N .G/ D E.G/ denotes the set of non-edges of G, i.e., the set of edges
of the complementary graph G.
H is a subgraph of G, H  G, if H is an induced subgraph of G, i.e., H D .V .H/; E.H//
where V .H/  V .G/ and 8x; y 2 V .H/, fx; yg 2 E.H/, fx; yg 2 E.G/.
A graph G is regular if it is connected and every vertex has the same valency.
DEFINITION 2.4 ([4, 6]). Two subgraphs H and H0 of G are of the same type with respect
to fx; yg  V .G/ iff
(1) fx; yg  V .H/ \ V .H0/;
(2) there exists an isomorphism of H onto H0 fixing x and y.
If x D y we say that H and H0 are of the same type with respect to the vertex x .
If fx; yg 2 E.G/ then we say that H and H0 are of the same type with respect to the edge
fx; yg.
If fx; yg 2 N .G/ then we say that H and H0 are of the same type with respect to the
non-edge fx; yg.
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DEFINITION 2.5 ([4, 6]). We say that a graph G satisfies the t-vertex condition with
respect to edges if for every i , 2  i  t , the number of i-vertex subgraphs of every fixed
type with respect to an edge fx; yg is the same for all edges (i.e., does not depend on the
choice of the edge fx; yg).
We say that a graph G satisfies the t-vertex condition with respect to non-edges if for
every i , 2  i  t , the number of i-vertex subgraphs of every fixed type with respect to a
non-edge fx; yg is the same for all non-edges (i.e., does not depend on the choice of the
non-edge fx; yg).
We say that a graph G satisfies the t-vertex condition with respect to vertices if for every
i , 2  i  t , the number of i-vertex subgraphs of every fixed type with respect to a vertex
x is the same for all vertices (i.e., does not depend on the choice of the vertex x).
DEFINITION 2.6 ([4, 6]). A graph G which satisfies the t-vertex condition with respect
to edges, non-edges and vertices is said to satisfy the t-vertex condition (or to be t-regular).
Obviously a t-regular graph is k-regular for every 2  k  t .
EXAMPLE 2.7 ([4, 6]). A graph G is regular iff it satisfies the 2-vertex condition.
3. STRONGLY REGULAR GRAPHS
DEFINITION 3.1 ([3, 5]). A graph G is strongly regular (or an SRG) with the parameters
.n; k; ; / if G is regular, each pair of adjacent vertices has  common neighbours and
each pair of non-adjacent vertices has  common neighbours. The parameters n and k
respectively denote the number of vertices of G and the valence of each vertex.
PROPOSITION 3.2 ([2, 4, 6]). A graph G is strongly regular iff it satisfies the 3-vertex
condition.
DEFINITION 3.3 ([5]). Let G D .V; E/ be a graph. The scheme associated with G is
.V; 0/, where 0 D f OV ; OE; ON g, for OV D f.x; x/jx 2 V g D C1, OE D f.x; y/jfx; yg 2
E.G/g D C2 and ON D f.x; y/jfx; yg 2 N .G/g D C3.
PROPOSITION 3.4 ([5]). The scheme associated with a graph is an association scheme
iff the graph is strongly regular.
4. THE MAIN THEOREM
The question arises: can Proposition 3.4 be generalized? The answer is given by the
connection between height t presuperschemes and graphs which satisfy the .t C 3/-vertex
condition.
Let G D .V; E/ be a graph.
DEFINITION 4.1. Let G D .V; E/ be a graph with totally ordered vertex set V D fv1 <
v2 <    < vng. Then G with such ordered vertices is called a locally ordered graph.
Let G be a locally ordered graph. The skeleton S.G/ of the locally ordered graph G is
the list of edges of G between its ordered vertices, i.e.,
S.G/ D ffi; jg  f1; : : : ; ngjfvi ; v j g 2 E.G/I fv1 < v2 <    < vng D V .G/g:
The skeletons S.G/ and S.H/ of two locally ordered graphs G D .fv1 < v2 <    <
vng; E.G// and H D .fw1 < w2 <    < wmg; E.H// are isomorphic if S.G/ D S.H/.
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DEFINITION 4.2. Let G D .V; E/ be a locally ordered graph. A G-compatible partition
0t of V tC2 is defined as follows.
For t D 0, the G-compatible partition of V 2 is the scheme associated with the graph,
00 D f OV ; OE; ON g.
For t > 0, a G-compatible partition of V tC2 is defined in the following way.
The diagonal classes of 0t are of the form:
f .Ct−1j / D f.x1; : : : ; xtC2/j9.y1; : : : ; ytC1/ 2 Ct−1j :81  i  t C 2; xi D y f .i/g
for some function f V f1; : : : ; t C 2g −! f1; : : : ; t C 1g and some Ct−1j 2 0t−1.
For each possible skeleton S of a locally ordered graph on t C 2 vertices, we construct a
non-diagonal class Ctk 2 0t which consists of lists of vertices of G which belong to locally
ordered .t C 2/-vertex subgraphs of G with skeleton S. Thus there is a correspondence
between non-diagonal classes and isomorphism types of skeletons.
DEFINITION 4.3. A set of G-compatible partitions which satisfies the conditions of a
presuperscheme from Definition 2.2 is called a presuperscheme associated with a graph G.
Our main theorem is:
THEOREM 4.4. If a presuperscheme associated with a graph G is of height t , then the
graph G satisfies the .t C 3/-vertex condition.
5. PROOF OF THE MAIN THEOREM
The proof of Theorem 4.4 involves an inductive construction of the levels of a presuper-
scheme associated with the graph.
Case t D 0. If the G-compatible partition 00 is an association scheme .V; 00/, then by
Theorem 3.4 the graph G satisfies the 3-vertex condition.
Case t > 0. Suppose there exists a height t presuperscheme f00; : : : ; 0t−1; 0t g associated
with the graph G. Then partitions f00; : : : ; 0t−1g form a height t − 1 presuperscheme and
by induction, the graph G satisfies the .t C 2/-vertex condition.
To prove the .tC3/-vertex condition, it suffices to show that the number of .tC3/-vertex
subgraphs of G of the same type with respect to an edge fx; yg 2 E.G/ (or non-edge
fx; yg 2 N .G/ or vertex x 2 V ) does not depend on the choice of fx; yg (or x).
Let F be a .t C 3/-vertex subgraph of G of some type T , containing fx; yg. Fix an
ordering of vertices of F. Without loss of generality, the ordered vertices of F are: fx <
z < y < a1 <    < at g.
Let I be the locally ordered 2-vertex subgraph of F with vertices fx < zg.
Let J be the locally ordered .t C 2/-vertex subgraph of F with vertices fz < y < a1 <
   < at g.
Let K be the locally ordered .t C 2/-vertex subgraph of F with vertices fx < y < a1 <
   < at g.
Let S.I/, S.J/, S.K/ be the skeletons of the graphs I, J, K respectively.
Let C0i be the class of the partition 00 corresponding to the skeleton S.I/.
Let Ctj1 ; : : : ;C
t
ju be all the classes of the partition 0
t corresponding to the skeleton S.J/.
Let Ctk1 ; : : : ;C
t
kv be all the classes of the partition 0
t corresponding to the skeleton S.K/.
Then the number of .t C 3/-vertex subgraphs of type T with respect to fx; yg is equal toPv
qD1
Pu
pD1 jCtkq jc.i; jp; kqI 0; t/
nkjStabx;y.Aut.F//j for fx; yg 2 E.G/ (5.1)
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FIGURE 1. Shrikhande’s graph.
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FIGURE 2. Critical type of the 4-vertex subgraph for Shrikhande’s graph.
and Pv
qD1
Pu
pD1 jCtkq jc.i; jp; kqI 0; t/
n.n − 1− k/jStabx;y.Aut.F//j for fx; yg 2 N .G/; (5.2)
where Stabx;y(Aut(F// Aut(F) is the stabilizer of x and y in the automorphism group of
the graph F.
Note that in each case, as before, the numbers do not depend on the choice of fx; yg but
only on the type T (on the skeleton S.F/).
Thus the .t C 3/-vertex condition with respect to edges and non-edges is satisfied.
To show the .t C 3/-vertex condition with respect to vertices we proceed similarly.
The number of .t C3/-vertex subgraphs of type T with respect to the vertex x is equal toPv
qD1
Pu
pD1 jCtkq jc.i; jp; kqI 0; t/
njStabx .Aut.F//j for x 2 V .G/: (5.3)
So graph G satisfies the .t C 3/-vertex condition. 2
REMARKS. The question whether the reverse conclusion in Theorem 4.4 holds will be
discussed in a forthcoming paper.
M. H. Klin conjectures in [7] that there exists a sufficiently large t0 .t0  6/ such that
any SRG satisfying the t0-vertex condition is of rank 3. A similar question can be posed
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for presuperschemes: does there exist t0 such that any height t0 presuperscheme can be
extended to a superscheme?
6. EXAMPLE
We give an example of a well known graph whose presuperscheme cannot be extended
beyond the bottom level.
EXAMPLE 6.1 ([3, 8]). Consider Shrikhande’s Graph G (Figure 1), where identically
labeled pairs of vertices are identified (i.e., the graph is drawn on a torus). The graph G
is an SRG with parameters .n; k; ; / D .16; 6; 2; 2/, so by Proposition 3.2 it satisfies
the 3-vertex condition. However G does not satisfy the 4-vertex condition. Consider the
4-vertex subgraph F (Figure 2) with respect to the non-edge fx; yg. If the non-edge fx; yg
is f f; hg then the number of such subgraphs is 0, while if the non-edge fx; yg is f f; og, then
the number of such subgraphs is 1. Thus the presuperscheme associated with G has only
the bottom level 00 D f OV ; OE; ON g.
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